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Characterizing consensus in the Heard-Of model

Igor Walukiewicz

joint work with A.R. Balasubramanian
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Consesus problem:

Every process starts with the same value of its input variable. We require:
- termination: every process eventually sets its dec value,

« agreement: all dec variables have the same value,

* every dec variable is set at most once,

« the value of dec variables is one of the initial values of input variables.

/;Z//D f/zfarch! CONS Epgeeyr £ l'/d«z/a‘n////& 2 /427 a{j/‘&éwﬂyaf J;(féﬂr,/
V. /Z@ //5J6/4&e % faaﬁ’



e fé& &raé/f"/e/_cvyé Vctla.e‘) recesve~t /rﬂﬂ/ ol /fmc%)c.;

send (inp) u/

if uni(H) A [H| > 2n then z; := inp := smor(H);

if mult(H) A [H| > 2n then z; := inp := smor(H);
send T (\_, Imea lles?” mocl //7:»5/4/“ Vole
‘ if uni(H) A [H| > 2n then dec := smor(H); ta H

Communication predicate: eventually ¥! = (p— A ¢ 2, true) and later
¥? = (p2,p2)

I |
process 1: T; = 'Uil - /@"’xz-{—l =V

round: : e medium L :
process n: T; = ;' @--»xm = U



e fé& &raé/f"/e/_cvyé Vctla.e‘) recesve~t /rﬂﬂ/ ol /fmc%)c.;

send (inp) u/

if uni(H) A [H| > 2n then z; := inp := smor(H);

if mult(H) A [H| > 2n then z; := inp := smor(H);
send T (\_, Imea lles?” mocl //1'7«»5/4/“ Vole
‘ if uni(H) A [H| > 2n then dec := smor(H); ta H

Communication predicate: eventually ¥! = (p— A ¢ 2, true) and later

/
Cresy Yzl recesrer The [fowme ppullss e

/_/ C(Q’l/(o\t;\/ V‘ﬂ—lﬂco 7L//M zZ 24/_? 0/— /4%75%723

|
process 1: Z; = v} - /@--*xm = Vi1
round: : g

. ~i ’ "
process n: T; = ;' @--»xm = Vit



~ The &méff"/e/_cvyl— Va/ae‘) recesve~t //Dﬂr o0 ccs repeen)cy

send (inp) /
if uni(H) A [H| > 2n then z; := inp := smor(H);
if mult(H) A [H| > 2n then 2 := inp := smor(H);
send 7 (\_, Imea lles?” mocl //7&514/“ Vole

‘ if uni(H) A [H| > 2n then dec := smor(H); ta H
Communication predicate: eventually ¢! = (p— A Pz, true) and later

W=(o3.03) A
7

@Vé/“z V2=l yeceiver The [ome prullis e
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~ The &méf—(:fe/_cvyl— Va/ae‘) recesve~t /rz?/h o0 ccs repeen)cy

send (inp) /
if uni(H) A [H| > 2n then z; := inp := smor(H);
if mult(H) A [H| > 2n then 2 := inp := smor(H);

send 1,
‘ if uni(H) A [H| > 2n then dec := smor(H);

Communication predicate: eventually ¢! = (p— Apz, true) and later
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Heard-off model

Introduced by Bernadette Charron-Bost - André Schiper in 2009
A round based model for non synchronous computing.
Unified treatment of different types of faults through transmission faults.

A model is relatively simple and concise:
a good candidate to develop verification methods

¢ [Charron-Bost, Stefan Merz,..] Efficient encoding the model in Isabelle, and TLA

¢ [Dragoi, Henzinger, Zufferey,..] A semi-automatic proof method, a domain-specific
language based on HO-model.

¢ [Ognjen Maric, Christoph Sprenger, David Basin, Cut-off Bounds for Consensus
Algorithms], see later

¢ [R. Bloem, S. Jacobs, A. Khalimoy, I. Konnov, S. Rubin, H. Veith, and J. Widder.
Decidability of Parameterized Verification], a book, 2015



np = v

[ inp = v | Iz’np: w1|

mp = w
dec = wy

® No operations on variables
® No failure of components
® No process identities

I np = v,,l Iinp = wnl

np = wy
dec = wy,




np = v

|inp=v1| Iinpzwll mp = wq

Sk

® No operations on variables
® No failure of components
® No process identities

4 HO is a multiset of values

I np = v,,l Iinp e wnl

Value of inp either stays
the same or changes to
some received value

inp = Wn,
dec = wy,




Iinp:vll Iinp:wll inp:’LUl

S

® No operations on variables
® No failure of components
® No process identities

<HOp> e HO; is @ multiset of values

I inp=v,,| |inp=wn| inp = Wy,
dec = wy,

Value of inp either stays
the same or changes to
some received value

A process can also definitely
decide on some value by

setting dec




Heard-of algorithm

| P Tiy] = V)
rocess 1: T; = v; @ i+1 ),
p 1 ] (3 \ - /' .
round: . v medium .
~a R |
process n: T; = v’ - Titl = Vi
) A, . /<>R . e
phase: : : :
SO TG T
inp values inp values dec values

are sent are updated are set



phase:

inp values
are sent

send inp
if uni(H) A [H| > thrl, - n then z; := op)(H);

if mult(H) A [H| > thrL* - n then x; := opk(H);

send x;_1 ‘
if uni(H) A [H| > thry, - n then z; := op§(H);

if mult(H) A [H| > thrF - n then z; := opi(H);

send Tjr—1
if uni(H) A [H| > thry - n then zi := inp := opyf (H);

if mult(H) A [H| > thris* . n then a4, := inp := opif(H);

send ;1
if uni(H) A |H| > thrl, - n then dec := op)(H);

if mult(H) A |H| > thrh® - n then dec := opl (H);

SO o
inp values dec Ealues
are updated are set

/Z//af J@/xzf/ Y, Jel

yL‘_7 J’cﬂxf/ )(,,' Jgf

FOuncd rc where sy B red” [:u/oc/cgéj

Lol rdcnd where olec & sef” [0/6’4 S ion j



D\‘ v
phase: : : e :
e
inp values inp values
are sent are updated

send inp
if uni(H) A |H| > thrl, - n then z; := op}(H);

if mult(H) A [H| > thrL* - n then x; := opk(H);

send T;_1
if uni(H) A [H| > thr!, - n then z; := op(H);

A

dec values
are set

: ) ) send (inp)
if mult(H) A [H| > thrF - n then z; := opi(H);

if uni(H) A[H| > 2n then z; := inp := smor(H);

>| if mult(H) A |H| > Zn then 21 := inp := smor(H);

send x;

| if uni(H) A|H| > 2n then dec := smor(H);

Communication predicate: eventually ¢! = (o= A vz, true) and later

send Tjr—1

¥? = (p2,02)

if uni(H) A [H| > thr'" - n then &y := inp := opiF (H);

if mult(H) A [H| > thr™* . n then z;, := inp := opi (H);

send ;1
if uni(H) A |H| > thrl, - n then dec := op)(H);

if mult(H) A |H| > thrh® - n then dec := opl (H);



-
phase: 2 : 2, N : b :
O <>"’?/ \<>""?
inp values inp values dec values
are sent are updated are set
send inp

if uni(H) A |H| > thrl, - n then z; := op}(H);

if mult(H) A [H| > thrL* - n then x; := opk(H);

—— r G-iers an aljo/ﬁﬂﬂv over O'-/}(ea( Jz[‘% vVealoe,
'if s t(EA [N == e whon. 256= ORI Lecide f/ 1 folver Zhe covesexies
;i.f mult(H) A |H| > thr%* . n then a; := opi (H);
o What opera loner cnd leilr coe allocet !
e Do we fewe o Ca/—% /f///’rcz/'//c L s liclipn 5 £ proc
- Do ve bove a« Crr /r/'t/////& 2 i lbn B §09) vedeee

send Tjr—1
if uni(H) A |H| > thrf - n then zi, := inp := opif (H);

if mult(H) A [H| > thris* . n then a4, := inp := opif(H);

send ;1
if uni(H) A |H| > thrl, - n then dec := op)(H);

if mult(H) A |H| > thrh® - n then dec := opl (H);



h S O o, N
phase: : :
T e
inp values
are sent
send inp

if uni(H) A |H| > thrl, - n then z; := op}(H);

if mult(H) A [H| > thrL* - n then x; := opk(H);
send T;_1

if uni(H) A |H| > thr’, - n then z; := op}(H);

if mult(H) A [H| > thrF - n then z; := opi(H);

send Tjr—1
if uni(H) A |H| > thrf - n then zi, := inp := opif (H);

if mult(H) A [H| > thris* . n then a4, := inp := opif(H);

send ;1
if uni(H) A |H| > thrl, - n then dec := op)(H);

if mult(H) A |H| > thrh® - n then dec := opl (H);

9 >R e /'< >>(:)
R
inp values dec values
are updated are set
F Hase

41

i

p oLt

(fyd) 2 (f,d) and f=2, f'.

0//94;72 cnol Cisrecw

Z

A= Dutl et f— DY

Ovcbopcl



ase: : i
P ?7/' RO
inp values
are sent

send inp
if uni(H) A [H| > thrl, - n then z; := op)(H);

if mult(H) A [H| > thrL* - n then x; := opk(H);
send T;_1
if uni(H) A [H| > thr!, - n then z; := op(H);

if mult(H) A [H| > thrF - n then z; := opi(H);

send Tjr—1
if uni(H) A |H| > thrf - n then zi, := inp := opif (H);

if mult(H) A [H| > thris* . n then a4, := inp := opif(H);

send ;1
if uni(H) A |H| > thrl, - n then dec := op)(H);

if mult(H) A [H| > thrh® - n then dec := opk (H);

’ 7£-’ M,,”!") Dvttf

0//94;72 ceplt éf@aayg Ovbepel

inp values
are updated

/ﬁa.r&

dec values
are set

p oLt

(fyd) 2 (f,d) and f=2, f'.

A 7/5“;7;—" DI/Z Z;

¢ ]C:%?f/ ;']é 7 [%I‘_IHM) /‘%ﬂ%fﬂ ///,/SMJc//%/

min (H)
Smov [ H)

min Velue i

Imalles? mosl /}’Cﬁu%f value 4, b-4?)
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-ty

711[/)’;? z&L vz fc/f éa/a/‘] 7Lw/ ///o

Lew : let s

count © vatue

bul operalibn Voot e



o, e . B o O

phase: | H : :
inp values inp values dec values
are sent are updated are set
) phare VS
send inp v 7
if uni(H) A |H| > thrl, - n then z; := op}(H); (f, d) g (fl, d’) and f=; f’ .

if mult(H) A [H| > thrL* - n then x; := opk(H);

-

7£: fz,,”!-') DVZZ)/ a(-’f/z.ﬁ;—” DI/ZZ;

0//94;72 ceplt éf@aayg Ovbepel

send T;_1

fi.f uni(H) A |H| > thrl, - n then z; := op}(H); ° ]C :‘C’? f/ l']é ; [;/ﬂ | HM) e Vf ///K - MJCZ‘/%/
Fp)= ceptute [ 4p)

;i.f mult(H) A |H| > thr%* . n then a; := opi (H);

’ min [H] min Velue 24 'L/’f Zj
Shor LK) imallest mosl fregeed valae 4 H-1?/
711[/) '>Z z&L Zy) fc/f éa/a/‘] fﬂ/ ///o

send Tjr—1 .
if uni(H) A [H| > thry - n then zi := inp := opff (H);

if mult(H) A [H| > thris* . n then a4, := inp := opif(H);

Lotfa) f L4 A4

sem.izl,l. l . . J(l[/) :7[‘:,, //_) t% /,’, //) 79,2 C(nz( %[/9/74//// D/Z'K/CJ(‘J’L‘
founl(H)/\|H|>thru-nthendec.—opo( ) ,y{’[/j7 0/[// l} y///ﬂjqé? cnd 0/((/7) ,76[/} Ol erersr p

if mult(H) A [H| > thrh® - n then dec := opk (H);



o, e . B o O

phase: ?/' \<>><:>/' i \<>>?/' - \<>>D
inp values inp values dec Ealues
are sent are updated are set
send inp F/?q" & yotunct
if uni(H) A |H| > thrl, - n then z; := op}(H); (f,d) i) (f',d") and f :‘P>i .
i mult(H) A H| > thrly* - n then o, = oph(H); Follod= Dott  al] of— Dol
0D //%;rfc ceplt éf&aayg Ovbepel
send T;_1 ) _ ¢ /
s und(H) A H| > thr, - then  := oph(H): ]C :3 7f of 7 N/q’__l W) =, VF Hy € myel(f)

;i.f mult(H) A |H| > thr%* . n then a; := opi (H); %[/)2 6(//"44[6(~ { é//)

(GP) A (F(pr AF(h2 A ... (Fipr) ....)))
7{

/hg,j‘g //ZfC//ca teu

send Tjr—1

if uni(H) A [H| > thr'" - n then &y := inp := opiF (H); =
. L// [L'fll" ! Lgl )

if mult(H) A [H| > thris* . n then a4, := inp := opif(H);

7
rocad /VL /&'aq /\rf

CﬁL' /¢ (/?// > ﬂ, '/7) oo (67 /) ////> [4/-/4)

send ;1
if uni(H) A |H| > thrl, - n then dec := op)(H);

if mult(H) A |H| > thrh® - n then dec := opl (H);



» Theorem 22. An algorithm solves consensus iff it is:
(GY) A (F(r AF(h2 A ... (Fyi)...)))

w  syntactically safe,
= there are 1 < j with v¢; a unifier and v¢; a decider.
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» Theorem 22. An algorithm solves consensus iff it is:
w  syntactically safe,
= there are 1 < j with v¢; a unifier and v¢; a decider. (G) A (F(wor AF(2 A ... (F) ...)))

A vowud i 5 Jobo J’aé wrl. & /f ZZ/; = ZZ/,-/Q’/

A K0ty d ¢ 1 redery v wrl e ;'aL Gp'fZe/z
fresenrz b 7
Mo Unl ugleaction, vv Len él‘aa [61) :)&, Jolo ° 4 /aop;’//é

% M&(/f !'h///"&o/;’a,,,l 2%
e (€) € mex [ hel Thy )
@ 4 e decider /f all vaendr coc Jilo m/< wol ¥
(ﬁca/:.ch,/
L
C e dmifer f o T rmand 04 T A ., = B,
(e e~
VL% /rc/ew/!’h) Joln Ja/e;

where 1y = par (1-100, 7-20.75 1)



» Theorem 22. An algorithm solves consensus iff it is: send inp )
if uni(H) A |H| > thr,, - n then z; := op}(H);

syntactically safe,

there are i < j with ¢; a unifier and v; a decider. if mult(H) A [H| > thrs* - n then z1 := opl(H);
send x;_1 ‘
Definition 9. An algorithm is syntactically safe when: if uni(H) A [H| > thr), - n then z; := opj(H);

. First round has a mult instruction. : _
. Every round has a uni instruction. 1 mule(H) A H| > thry." - n then @, := opj,(H);
. In the first round the operation in every mult instruction is smor.

. thrF/2 > 1 — the™ | and thrl > 1 — thri™+,

u

A WNN=TV

send Tjr_1
if uni(H) A [H| > thril - n then i, := inp := opir (H);

if mult(H) A [H| > thr™* . n then 2y, := inp := opiF (H);

send x;—1
if uni(H) A |H| > thrl, - n then dec := op) (H);

if mult(H) A [H| > thrh* - n then dec := op} (H);



» Theorem 22. An algorithm solves consensus iff it is:
= syntactically safe,
= there are i < j with ¢; a unifier and v; a decider.

Definition 9. An algorithm is syntactically safe when:
. First round has a mult instruction.
. Every round has a uni instruction.
. In the first round the operation in every mult instruction is smor.
. thrik /2 > 1 — the™ ) and thrl > 1 — theiTt

u

A WNN=TV

» Lemma 23. An algorithm that is not syntactically safe cannot solve consensus. A syntac-
tically safe algorithm has the agreement property.

» Lemma 24. A syntactically safe algorithm has the termination property iff it satisfies
the second condition from Theorem 10.



o= A
process 1: T; = v; — /'<-I> '>:c1+1 Vi

Com.

round:

medium

* v ~a ‘ o
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» Lemma 23. An algorithm that is not syntactically safe cannot solve consensus. A syntac-
tically safe algorithm has the agreement property.

)O/Aa% ty— Vhe decoud §lalenenl _
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S bderT %/ Tie vaties 6// Jle

d (inp,t
Rl (znp, S) mor !l vecew? Zﬁ‘meu'f:lﬂr/

¥
if cond;(H) then z; := maxts(H);

if cond!(H) then z; := maxts(H);

» Definition 13. An algorithm is syntactically t-safe when.:
1. Every round has a uni instruction.

2. First round has a mult instruction.

3. thrlk > 1 — thri™! and thrl > 1 — thri™*1,

» Definition 14. A predicate v is a strong unifier v if it is a unifier in a sense of Definition 8
and thry, < thri(1).

» Theorem 25. An algorithm satisfies consensus iff it is syntactically t-safe according to
Definition 13, and it satisfies:

sT There are i < j such that ¥ is a strong unifier and 17 is a decider.



T/Zree 7;—,/_4, q}/}/'dahng . [,/" (leodte peceiye )
0 ke (lececter sen-t)

. et/eri (e ﬁ@ﬁ/ﬁ)

» Theorem 26. An algorithm satisfies consensus iff the first round and the (ir + 1)** round
are not of type 1s, it is syntactically safe according to Definition 9, and it satisfies the

condition:
cT There are i < j such that V' is a c-unifier and ¥’ is a c-decider.

» Theorem 27. An algorithm satisfies consensus iff the first round and the (ir + 1)** round
are not of type 1s, it has the structural properties from Definition 13, and it satisfies:
scT There are i < j such that ¥"* is a strong c-unifier and 17 is a c-decider.



send (inp)

7 conclLlc s
if uni(H) A [H| > 2n then z; := inp := smor(H); gema ic 4 e conlilise,

. . 1,6 _ (re/
if mult(H) A |H| > %n then 7 := inp := smor(H); Z‘Ay p /2 > 7 ZZ,/ L
send 1
| if uni(H) A [H| > 2n then dec := smor(H);
Communication predicate: eventually 9! = (p= A Pz, true) and later e ) n/Z"/oJ/‘/ﬁe 75 Leie
¥? = (pz2,92) Yy Choefoltl.

[«
Wy 4 Z'me: fam/u The A (e, & weakepedd o 7, Z’,/( = 7- /Z/% .

send (inp,ts)
if uni(H) A [H| > 1/2 - |II| then z; := maxts(H);
if mult(H) A [H| > 1/2-|II| then z; := maxts(H);
send I
| if uni(H) A [H| > 1/2- |TI| then z := inp := smor(H);
send Ty
’ if uni(H) A |[H| > 1/2 - |II| then dec := smor(H);

Communication predicate: F(y') where ¢! := (o= A @12, @172, ©1/2)




send (inp,ts)
if uni(H) A [H| > 1/2 - |II| then z; := maxts(H);
if mult(H) A [H| > 1/2 - |II| then z; := maxts(H);
send T
‘ if uni(H) A [H| > 1/2 - |II| then @3 := inp := smor(H);
send Ty
‘ if uni(H) A [H| > 1/2 - |II| then dec := smor(H);

Communication predicate: F(i') where ¢! := (o= A @1/, V172, ¥1/2)

S nolhen exom/é well  covrdiva lorg. £7a¢o/t'2eu la rvcu-f 2,

send (inp,ts)
if uni(H) A |[H| > 1/2- |TI| then z; := maxts(H);
‘ if mult(H) A |H| > 1/2 - |II| then z; := maxts(H);
send
if uni(H) A [H| > 1/2- |II| then x5 := smor(H);
’ if mult(H) A |H| > 1/2 - |II| then x5 := smor(H);
send xo
| if uni(H) A |H| > 1/2- |TI| then z3 := inp := smor(H);
send x3
| if uni(H) A [H| > 1/2- |TI| then dec := smor(H);
Communication predicate: F(y! A Fy?)
where: ¢! = (p1/2, ¥= A @1/, P1/2, true) and ¥* = (p1/2, V172, P12, P1/2)




send (inp, ts) 1r
if uni(H) A |H| > 1/2 - |II| then z; := maxts(H);
if mult(H) A |H| > 1/2- |II| then z; := maxts(H);

send z; 1ls

‘ if uni(H) then z2 := inp := smor(H);

send x5 1r

‘ if uni(H) A |H| > 1/2 - |II| then z3 := smor(H);
send z3 1ls

‘ if uni(H) then dec := smor(H);

Communication predicate: F(i') where ' := (p1/2, ¥1s, 12, P1s)
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send (inp,ts) 1r
if uni(H) A |H| > 1/2- |II| then z; := maxts(H);
if mult(H) A [H| > 1/2 - |II| then z; := maxts(H);
send ;1 1ls
‘ if uni(H) then x5 := inp := smor(H);
send T2 every
‘ if uni(H) A |H| > 1/2- |II| then dec := smor(H);

Communication predicate: F(i!) where 1! := (1725 P15 P1/2)
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